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Abstract
A functional partial differential equation is set for the proper graphs generating func-
tional of QED in external electromagnetic fields. This equation leads to the evolution of the
proper graphs with the external field amplitude and the external field gauge dependence of the
complete fermion propagator and vertex is derived non-perturbatively.
The study of QED in the presence of external electromagnetic fields started long ago
with the computation of the quantum corrections to the Maxwell Lagrangian [1], for which
recent and rich studies can be found in [2]. We find also among the studies of the effect of
an external field the dynamical chiral symmetry breaking by a magnetic field, the magnetic
catalysis [3].
In this framework, we will describe here a non-perturbative approach, similar to the
background field methods [4], which will lead us to the external field gauge dependence of the
full fermion propagator and the full vertex. For this we will set up a functional differential
equation showing the evolution of the effective action (Legendre transform of the connected
graphs generator functional) with the amplitude of the external field. The interesting point is
that this differential equation is exact and thus independent of pertubative expansions.
The method described here is similar to the one given in [5] where the differential
equation described the evolution of the effective action with the mass scale of a scalar theory
and lead to the well-known one-loop effective action after integration.
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We will discuss here the dependence of the proper functions on the gauge of the external
electromagnetic field and not of the dynamical one. The gauge dependence with respect to the
dynamical field is discussed in [6]. The authors take a usual covariant gauge fixing term and
show the dependence of the proper functions on the gauge parameter. Here we will not write
this gauge fixing term, although necessary to define the path integral, so as to focus on the
effects of the external field. The Lagrangian is
L = −
1
4
FµνF
µν +Ψ
(
i /∂ − e /A− g /Aext −m
)
Ψ (1)
where Aµ is the dynamical gauge field of strength Fµν and A
ext
µ the classical (external) electro-
magnetic field. e is the QED coupling and g the coupling to the external field which is taken
different form e so that it can control the amplitude of Aextµ .
We will introduce the effective action Γ of the model, defined as the Legendre transform
of the connected graphs generator functional and our aim will be to derive the exact functional
equation
∂gΓ = G[Γ] (2)
from which we can extract the evolution of the proper graphs.
In what follows, the Lorentz, Dirac and space-time indices will not be explicitly written
if not necessary. We will note ’tr’ the trace over Dirac indices and ’Tr’ the trace over Dirac and
space-time indices. The computations will be done in dimension d.
The connected graphs generator functional Wg is given by
expWg[η, η, j] = Zg[η, η, j] (3)
=
∫
D[A,Ψ,Ψ] exp
{
i
∫
x
L+ i
∫
x
(jA+ ηΨ+Ψη)
}
where
∫
x =
∫
ddx. We note that we do not couple the external field to the source j. Wg has
the following functional derivatives
δW
δj
=
1
Z
〈iA〉 = iA
δW
δη
=
1
Z
〈iΨ〉 = iψ
W
←δ
δη
=
1
Z
〈
iΨ
〉
= iψ
δ
δη
W
←δ
δη
= −ψψ +
1
Z
〈
ΨΨ
〉
(4)
where the expectation value 〈O〉 of an operator O is
〈O〉 =
∫
D[A,Ψ,Ψ] O exp
{
i
∫
x
L+ i
∫
x
(jA+ ηΨ+Ψη)
}
(5)
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Inverting the relations between (j, η, η) and (A,ψ, ψ), we define the effective action Γg[A,ψ, ψ]
as the Legendre transform of Wg[j, η, η] by
Wg = iΓg + i
∫
x
(
jA+ ηψ + ψη
)
(6)
From this definition we extract the following functional derivatives:
δΓ
δA
= −j
δΓ
δψ
= −η
Γ
←δ
δψ
= −η
δ
δψ
Γ
←δ
δψ
= −
δη
δψ
= −i
(
δ
δη
W
←δ
δη
)
−1
(7)
The evolution equation with g of the connected graphs generator functional is, according to (4)
∂gW =
1
Z
〈
−i
∫
x
Ψ /AextΨ
〉
= −i
∫
x
(
ψ /Aextψ + /Aext
δ
δη
W
←δ
δη
)
(8)
To compute the evolution of Γg, one has to keep in mind that the independent variables for
this functional are ψ, ψ,A and g. Taking (4) into account, we obtain then
∂gΓ = −i∂gW − i
∫
x
(
∂gη
δW
δη
+W
←δ
δη
∂gη +
δW
δj
∂gj
)
−
∫
x
(
∂gjA+ ∂gηψ + ψ∂gη
)
= −i∂gW (9)
The relation (7) between the second derivatives of Wg and Γg implies then the exact functional
evolution equation for the effective action:
∂gΓ +
∫
x
ψ /Aextψ = iTr

 /Aext
(
δ
δψ
Γ
←δ
δψ
)
−1

 (10)
We can actually write another evolution equation, which will be more useful, using the equation
of motion for the dynamical gauge field Aµ that we now derive again as is done in [7], so as not
to miss any contribution.
We can assume that the integral of a derivative vanishes, so that
∫
D[A,Ψ,Ψ]
δ
δAµ(x)
exp
{
i
∫
L+ i
∫
(jA+ ηΨ+Ψη)
}
= 0 (11)
which can be written
3
(✷gµν − ∂µ∂ν) 〈Aν〉 − e
〈
ΨγµΨ
〉
+ Zjµ = 0 (12)
Using the relations (4) and (7), we find then
δΓ
δAµ
= (✷gµν − ∂µ∂ν)Aν − eψγ
µψ + ie tr

γµ
[
δ
δψ
Γ
←δ
δψ
]
−1
(x, x)

 (13)
Making the scalar product with Aext, we obtain
∫
x
Aextµ
δΓ
δAµ
+
1
2
∫
x
F extµν F
µν + e
∫
x
ψ /Aextψ = ie Tr

 /Aext
(
δ
δψ
Γ
←δ
δψ
)
−1

 (14)
up to a surface term. (14) and (10) give then a linear evolution equation for the effective action
Γ:
e∂gΓ =
∫
x
Aextµ
δΓ
δAµ
+
1
2
∫
x
F extµν F
µν (15)
Let us check that ∂gΓ is invariant with respect to an external gauge transformation
Aextµ → A
ext
µ + ∂µφ. The second integral of the right hand side of (15) is of course invariant and
the first one becomes after an integration by parts where we disregard the surface term
∫
x
Aextµ
δΓ
δAµ
→
∫
x
Aextµ
δΓ
δAµ
−
∫
x
φ∂µ
(
δΓ
δAµ
)
(16)
But according to (7), the additional integral vanishes since
∂µ
(
δΓ
δAµ
)
= −∂µj
µ = 0, (17)
due to the charge conservation. Thus (15) is gauge invariant, as expected.
To conclude with the effective action, we can give a general solution of (15) in terms of
the proper graphs generator functional without external field.
If we take the second derivative of Γ with respect to g, we obtain
e2∂2gΓ =
∫
xy
Aextµ (x)A
ext
ν (y)
δ2Γ
δAµ(x)δAν(y)
+
1
2
∫
x
F extµν F
µν
ext (18)
where we again disregarded the surface term. We obtain in general, for n ≥ 3
en∂ng Γ =
∫
x1...xn
Aextµ1 (x1)...A
ext
µn
(xn)
δnΓ
δAµ1(x1)...δAµn(xn)
(19)
Then we can make the resumation
Γg =
∞∑
n=0
gn
n!
∂ng Γ0 (20)
and take g = e, which leads to the following relation between Γ (with the external field) and
Γ0 (without the external field):
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Γ = exp
{∫
x
Aextµ (x)
δ
δAµ(x)
}
Γ0 +
1
2
∫
x
F extµν F
µν +
1
4
∫
x
F extµν F
µν
ext (21)
The integrals involving F extµν in (21) correspond to the subtraction of the kinetic contribution
of the external field which does not enter into account in the problem.
We recognize in (21) the functional translation operator which is the generalization of
exp
(
x0
d
dx
)
f(x) = f(x+ x0) (22)
such that we can finally write
Γ[ψ, ψ,A] = Γ0[ψ, ψ,A+ A
ext] +
1
2
∫
x
F extµν F
µν +
1
4
∫
x
F extµν F
µν
ext (23)
Thus the effective action of the theory with an external field is the same functional as the one
of the theory without external field (but for the bare kinetic term), translated by the vector
Aext in the space of the functional variables. This equivalence between the effective action with
and without external field is known in the background field methods [4].
Let us now come back to the equation (15). Its differentiation with respect to the fields
leads to the evolution of the proper graphs. Let us take the second derivative with respect to
ψ and ψ for vanishing sources. We encounter then the vertex function
Λµ(z; x, y) = −
1
e
δ
δAµ(z)
δ
δψ(x)
Γ
←δ
δψ(y)
|A=ψ=ψ=0 (24)
and the inverse fermion propagator
G−1(x, y) = −i
δ
δψ(x)
Γ
←δ
δψ(y)
|A=ψ=ψ=0 (25)
to obtain the following evolution equation:
∂gG
−1(x, y) = i
∫
z
Aextµ (z)Λ
µ(z; x, y) (26)
To fix the idea, we can see that the tree-level proper graphs G−1tree and Λ
µ
tree verify (26) since
they are given by
G−1tree(x, y) = −i
[
i /∂x − g /A
ext(x)−m
]
δ(x− y)
Λµtree(z; x, y) = γ
µδ(x− z)δ(y − z) (27)
The evolution equation for the propagator is then obtained by noticing that
∂gG
−1(x, y) = −
∫
z1z2
G−1(x, z1)∂gG(z1, z2)G
−1(z2, y) (28)
and therefore, according to (26)
∂gG(x, y) + i
∫
z1z2z3
Aextµ (z1)G(x, z2)Λ
µ(z1; z2, z3)G(z3, y) = 0 (29)
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Let us now perform a gauge transformation on the external field Aextµ = A
0
µ and write
A1µ = A
0
µ+∂µφ (we will use the same notations for G and Λ
µ corresponding to the two gauges).
We obtain after an integration by parts where we omit the surface term
∂gG1(x, y) + i
∫
z1z2z3
A0µ(z1)G1(x, z2)Λ
µ
1(z1; z2, z3)G1(z3, y)
= i
∫
z1z2z3
φ(z1)G1(x, z2)∂
z1
µ Λ
µ
1(z1; z2, z3)G1(z3, y) (30)
Then the use of the Ward identity
∂z1µ Λ
µ(z1; z2, z3) = δ(z2 − z1)G
−1(z1, z3)− δ(z3 − z1)G
−1(z2, z1) (31)
leads us to
∂gG1(x, y)− iΘxyG1(x, y) + i
∫
z1z2z3
A0µ(z1)G1(x, z2)Λ
µ
1 (z1; z2, z3)G1(z3, y) = 0 (32)
where
Θxy =
∫ y
x
dzµ
[
A1µ(z)− A
0
µ(z)
]
= φ(y)− φ(x) (33)
The equation (32) can also be written
0 = ∂g
{
G1(x, y)e
−igΘxy
}
(34)
+i
∫
z1z2z3
A0µ(z1)
{
G1(x, z2)e
−igΘxz2
} {
Λµ1(z1; z2, z3)e
−igΘz2z3
} {
G1(z3, y)e
−igΘz3y
}
We recognize here the equation (29) satisfied by G and Λµ in the gauge A0µ with the transfor-
mation law
G1(x, y) = G0(x, y)e
igΘxy
Λµ1(z; x, y) = Λ
µ
0(z; x, y)e
igΘxy (35)
which gives the gauge dependence of the proper graphs G and Λµ.
Let us now turn to the constant field case where we know from the work by Schwinger
[1] that the bare fermion propagator is of the form
Gtree(x, y) = e
ig
∫ y
x
dzµAextµ (z)G˜tree(x− y) (36)
where G˜tree depends on the difference x− y only and is gauge invariant since the gauge depen-
dence of Gtree is contained in the phase (36), as can be seen from (35). With the latter result
(35), we can take any gauge and thus will consider that the external potential in linear. We
note that in this case the phase can be written
g
∫ y
x
dzµAextµ (z) =
g
2
(yµ − xµ)Aextµ (x+ y) (37)
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We will check now that the same phase dependence for the complete fermion propagator and
vertex is consistent with the differential equation (29). Let us plug
G(x, y) = eig
∫ y
x
dzµAextµ (z)G˜(x− y) (38)
Λµ(z; x, y) = eig
∫ y
x
dzµAextµ (z)Λ˜µ(z − x, z − y)
into (29). We obtain then, after a change of variable and since the potential is linear,
(
i
∫ y
x
dzµAextµ (z)
)
G˜(x− y) + ∂gG˜(x− y) (39)
= −i
∫
z1z2z3
Aextµ (z1)G˜(x− z2)Λ˜
µ(z1 − z2, z1 − z3)G˜(z3 − y)
= −i
∫
z1z2z3
Aextµ (z1)G˜(−z2)Λ˜
µ(z1 − z2 − u, z1 − z3 + u)G˜(z3)
− iAextµ (v)
∫
z1z2z3
G˜(−z2)Λ˜
µ(z1 − z2 − u, z1 − z3 + u)G˜(z3)
where u = (x− y)/2 and v = (x+ y)/2. We can write after an integration by parts (omitting
the surface term)
∫
z1
Λ˜µ(z1 − z2 − u, z1 − z3 + u) = −
∫
z1
zµ1 ∂
z1
ν Λ
ν(z1; z2 + u, z3 − u)e
−ig
∫ z3−u
z2+u
dzµAextµ (z) (40)
which becomes, with the Ward identity (31),
∫
z1
Λ˜µ(z1 − z2 − u, z1 − z3 + u) = (z
µ
3 − z
µ
2 − 2u
µ)G−1(z2 + u, z3 − u)e
−ig
∫ z3−u
z2+u
dzµAextµ (z) (41)
Taking into account (41), we simply obtain for the second integral of the right-hand side of (39)
∫
z1z2z3
G˜(−z2)Λ˜
µ(z1 − z2 − u, z1 − z3 + u)G˜(z3) = 2u
µG(u,−u) = (xµ − yµ)G˜(x− y) (42)
where we used the fact that
∫ u
−u dz
µAextµ (z) = 0 since A
ext is linear. We see now with the help
of (37) that the terms which do not depend only on the difference x− y cancel in (39), leading
to the consistent (x− y)-dependent differential equation (we note z = x− y)
∂gG˜(z) + i
∫
z1z2z3
Aextµ (z1)G˜(−z2)Λ˜
µ
(
z1 − z2 −
z
2
, z1 − z3 +
z
2
)
G˜(z3) = 0 (43)
Thus the ansatz (38) verifies the differential equation (29). If we take another gauge which is
not linear, the relation (35) will lead us to the same conclusion (38).
To conclude, we stress that the linear functional differential equation (15) leads to general
considerations concerning the gauge dependence. This equation expresses the invariance of the
functional form of the effective action with respect to a change in the external field amplitude.
7
Its differentiation with respect to the fields leads to relations that have to be satisfied between
n−point and (n+1)−point proper graphs and in this respect, these relations play a role similar
to Ward identities. More specific informations concerning the effects of an external field on the
fermion or photon dynamics (dynamical mass generation, photon splitting, electron-positron
pair creation,...) should be obtained with the help of the equation (10) and this work is under
study.
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